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ABSTRACT 
In this paper we continue the investigation on the relation between the behaviour of the adjoint 
of a Co-semigroup and the structure of the underlying Banach space. The following results are 
proved: if X lacks the RNP then X8 */X is nonseparable, and if X* lacks the RNP then either 
X * / X 8 or X 8 8 / X is nonseparable. The results are applied to obtain a trichotomy theorem for 
adjoint semigroups. Also some applications to Co-groups are given. 
O. INTRODUCTION 
In [8] we started an investigation on the relation between the behaviour of 
an adjoint semigroup and the structure of the underlying Banach space. In this 
note we continue this investigation. Before stating our main results, we will 
briefly recall some standard facts on adjoint semigroups. Proofs can be found 
in [1,3]. Let T(t) be a Co-semigroup on a Banach space X with generator A. 
The adjoint semigroup T*(t):= (T(t)) * on X* need not be strongly continuous. 
Therefore we define the semigroup dual X8 by 
X8 = {X*EX*: lim II T*(t)x*-x*11 = O}. 
dO 
X 8 is a closed, weak*-dense subspace of X* which is invariant under T*(t). 
Therefore the restrictions of T*(t) to X8, denoted by T8(t), form a Co-
semigroup on X 8. A 8 will denote its generator. It can be shown that A 8 is 
precisely the part of A * in X8. Repeating the construction, starting from 
T8(t), one defines X88 :=(X8)8. Since X8 induces an equivalent norm in 
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X, the canonical map j : X --+ X ° *, 
(jx,x0 ) := (x0 ,x) 
which maps X into X ° 0, is an embedding. The Banach space X is said to be 
o -reflexive with respect to the Co-semigroup T(t) if jX = X ° 0. It is well-
known [10] that this is the case if and only if the resolvent R(J..,A) is weakly 
compact. In the following we will identify X and its image jx. 
Let (D, I, /l) be a finite measure space. A Banach space X is said to have the 
Radon-Nikodym property with respect to (D, I, /l) if for every /l-continuous 
vector-valued measure G : I --+ X of bounded variation there exists geL' (/l; X) 
such that 
G(E) = f gd/l 
E 
for all E e I. X has the Radon-Nikodym property (RNP) if it has the Radon-
Nikodym property with respect to every finite measure space. It is well-known 
that a dual Banach space X* fails the RNP if and only if the Banach space X 
contains a separable subspace with nonseparable dual. Examples of non-dual 
spaces without the RNP are Co(D) and L'(/l). For details concerning the RNP 
we refer to [2]. 
In this paper the following results will be proved. 
THEOREM 0.1. Let T(t) be a Co-semigroup on a Banach space X. If X * fails 
to have the RNP, then at least one of the following assertions is true: 
(i) X*/X0 is nonseparable; 
(ii) X ° ° / X is nonseparable. 
THEOREM 0.2. If X fails to have the RNP, then X0*/X is nonseparable. 
In section 1 these results will be proved and some corollaries are given. In 
section 2 the results will be applied to Co-groups. 
1. MAIN RESULTS 
Let T(t) be a Co-semigroup on X and choose constants M~ 1 and w such 
that II T(t)11 ~Mewt. We will need the following two results from [7]. 
LEMMA 1.1. Let Y be a closed, T(t)-invariant subspace of X and let e > O. 
Then for every yO e yO there exists an x0 eX0 satisfying x 0 1 y=y0 and 
IIx0 11 ~ (M+e)lly011· 
In particular, letting i: Y --+ X be the inclusion map, it follows that i * maps 
X0 onto yO. 
LEMMA 1.2. Suppose GCX is closed, convex and T(t)-invariant. Then Gis 
(J (X, X ° )-closed. 
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The following is the key lemma in proving Theorems 0.1 and 0.2. 
LEMMA 1. 3. The inclusion map i: Y --+ X induces an embedding of Y 0 0 / Y 
into X00/x. 
PROOF. Let i: Y --+ X be the inclusion map and let i 0 be the restriction of i * 
to X0. By Lemma 1.1, i 0 : X0 --+ y0 is onto. Hence i 0 * is an embedding of 
Y 0 * into X 0 *; it is easily seen that its restriction i 0 0 to Y 0 0 carries Y 0 0 
into X00. We claim that i00 y00 nx = y. Since X0 induces an equivalent 
norm on X, the pair (X,X0) is a dual system in the sense of [11]. Hence by 
the bipolar theorem [11], the bipolar yOO of Y relative to this pair is precisely 
the a(X,X0)-closure of Y. But by Lemma 1.2, Yis a(X,X0)-closed and con-
sequently yOo = Y. Now for x 0 eX0 to be an element of the polar yO 
means that 
VyeY. 
But since Y is a subspace of X, this is equivalent to 
VyeY, 
in other words, x 0 e y.L. Thus we see that 
By the same argument, an xeX belongs to yOo if and only if 
Now suppose i00 y00 ei00 y00 nx and let x 0 e y.L nx0. Because the 
kernel of i * : X * --+ Y * is precisely y.L, the kernel of i 0 : X 0 --+ Y 0 is 
y.L nx0. Hence 
Thus i00 y00, regarded as element of X, sits in yOo. But since yOo = Y 
the claim is proved. Since i00 YCX, the map i 00 induces a map 
sending Y 0 0 / Y onto the closed subspace (i 0 0 Y 0 0)/ X of X 0 0/ X. By the 
claim, [00 is injective. Hence by the open mapping theorem, [00 is an iso-
morphism into. 
At this point I would like to thank Gunther Greiner, who suggested to use 
the bipolar theorem in this lemma. 
Before proving Theorem 0.1, we need one more lemma which is taken 
from [7]. 
LEMMA 1.4. If X0 is separable, then X is separable. 
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THEOREM 1.5. Suppose both X00/X and X*/X0 are separable. Then X* 
has the RNP. 
PROOF. Let YoCX be an arbitrary separable closed subspace. To show that 
X* has the RNP it suffices to show that Yo* is separable. Let Ybe the smallest 
closed, T(t)-invariant subspace generated by Yo. To show that Yo* is 
separable, it is enough to show that y* is separable. Since by assumption 
X*/X0 is separable, we can choose a separable subspace Win X* such that 
the algebraic sum X0 + W is norm-dense in X*. Let i: Y --+ X be the inclusion 
map. i* maps X0 into yO, and therefore yO + i* W is norm-dense in 
i*X*= Y*. Since Wis separable, so is i*W. Furthermore, by Lemma 1.3 we 
have that yO ° / Y is separable, being a subspace of the separable space 
X ° ° / X. Since Y is separable it follows that yO ° is separable, hence by 
Lemma 1.4, yO is separable. It follows that y* is separable and X* has the 
RNP. 
If S(t) is a weak *-continuous semigroup on a dual Banach space X * with the 
RNP, then by [8] S(t) is strongly continuous for t> O. In particular this applies 
to the case where S(t) is the adjoint of a Co-semigroup on X (in fact, in this 
case it is sufficient that X0 has the RNP; see section 2). Combining this with 
the previous result we get the following 'trichotomy' for semigroups. 
THEOREM 1.6. Let T(t) be a Co-semigroup on a Banach space X. Then at 
least one of the following three assertions is true: 
(i) X*/X0 is nonseparable; 
(ii) X00 / X is nonseparable; 
(iii) T *(t) is strongly continuous for t> O. 
The following theorem is another application of Lemma 1.3. Since closed 
subspaces of Banach spaces with the RNP have the RNP, Theorem 0.2 is an 
immediate consequence of it. 
THEOREM 1.7. If X0*/X is separable then X0* has the RNP. 
PROOF. Let Z be an arbitrary separable closed subspace of X0. We have to 
show that Z* is separable. As in the proof of Theorem 1.5 without loss of 
generality we can assume that Z is T0(t)-invariant. Choose a dense sequence 
(zn) in Z. For each n, choose norm-l vectors Xn EX such that 
Let Y be the smallest closed T(t)-invariant subspace of X containing all xn and 
let i: Y --+ X be the inclusion map. Define a map 
h:Z--+Y*, 
<hz, y) := <z, iy). 
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It is easily verified that actually h sends Z into Y 8 . We claim that h is an 
isomorphism into. Indeed, continuity of h is obvious. Furthermore, by 
denseness of (zn), for given z E Z we can choose n such that 
and observe that 
Ilhzll ~ I (hz,xn > I = I (z,xn >1 ~ J!.:!. 4 
So we may regard Z as a closed subspace of Y 8 . Since X 8 8/ X is separable, 
by Lemma 1.3 also y88/y is separable. But Y itself is separable, forcing 
y88 to be separable. But note that by Lemma 1.1, h*: Y8*-.Z* maps 
y88 onto Z8. Hence Z8 is separable, being a quotient of the separable 
space y88. 
Let k:Z-.X8 be the inclusion map. Now by assumption X8*/X is 
separable, hence so is X 8 * / X 8 8, since X is a closed subspace of X 8 8 . 
Hence there is a separable subspace W of X8 * such that X88 + W is norm-
dense in X8*. Thus Z8+k*W=k*X88+k*W is dense in k*X8*=Z*. 
This proves that Z * is separable. 
Taking T(t) :=Idx in Theorems 1.5 and 1.7 we obtain the following result, 
which was first proved by Kuo [4]: 
COROLLARY 1.8. If X**/X is separable, then both X* and X** have the 
RNP. 
A Banach lattice is reflexive if and only if both X and X * have the RNP. 
Combining this with Theorems 1.5 and 1.7 we obtain: 
COROLLARY 1.9. Suppose T(t) is a Co-semigroup on a nonreflexive Banach 
lattice X. Then at least one of the quotients X * / X 8 or X 8 * / X is non-
separable. 
From Theorem 1.5 it is seen that if X is G)-reflexive with respect to a 
semigroup T(t), then X*/X8 cannot be separable unless X* has the RNP. 
Apart from the reflexive spaces, examples of spaces whose dual has the RNP 
are Co and the James space J and its dual. Indeed it turns out that on these 
spaces it is even possible to construct Co-semigroups with dim X*/X8 = 1. 
For J* we constructed such a semigroup in [8, Ex. 3.2]. For Co one can take the 
semigroup from [9, Ex. 1.8]; see also [8, sect. 4]. Finally, one can easily check 
that the construction for Co works for J as well. 
By a theorem of Sobczyk, Co is complemented in every separable space con-
taining it as a subspace. Since every C(K)-space, K compact Hausdorff, con-
tains subspaces isomorphic to co, we see that every separable C(K)-space (and 
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more generally, every separable AM-space) admits a Co-semigroup whose 
semigroup dual has co dimension one. Separability cannot be omitted, as the 
example I"" shows: on the one hand this is a commutative C*-algebra, hence 
by Gelfand theory a C(K)-space. On the other hand it is a Banach space with 
the Grothendieck Property and the Dunford-Pettis Property, hence by a 
theorem of Lotz [6] every Co-semigroup on I"" has a bounded generator. But 
the adjoint of such a semigroup is clearly strongly continuous again. 
For L 'cu)-spaces the situation is different: 
PROPOSITION 1.10. Suppose T(t) is a Co-semigroup on an Li(p)-space X. If 
X8 is complemented in X*, then T(t) is uniformly continuous. 
PROOF. Since X is an Li(p)-space, by well-known results (cf. [6]) X* has the 
Grothendieck- and the Dunford-Pettis Property. Since X8 is a complemented 
subspace of X*, also X8 has these properties. By Lotz's theorem, T8(t) is 
uniformly continuous. Hence T8 *(t) is uniformly continuous and therefore 
also T(t). 
In particular, for Li(p)-spaces it follows that X*/X8 is either zero or 
infinite-dimensional. 
2. APPLICATION TO (V-REFLEXIVE Co-GROUPS 
We start with a lemma. 
LEMMA 2.1. Suppose T(t) is a Co-semigroup on a Banach space X. If X 8 
has the RNP, then T*(t) is strongly continuous for t>O. 
PROOF. Inspection of the proof of Lemma 3.1 in [8] shows that we must 
prove that 
I 
(/J(g):= weak*- fg(t) T*(t)x*dt 
o 
belongs to X8 for all X*EX* and gELi[O, 1]. Let xEXbe an arbitrary vector 
of norm one. From a simple direct calculation it follows that 
I (T*(t)(/J(g) - (/J(g),x) 1:$ C(t)llx*ll, 
with constant C(t) independent of x and lim()O C(t) = O. Hence 
lim II T*(t) (/J(g) - (/J(g) II = 0, 
do 
in other words, (/J(g) EX 8 . 
It follows from this that in case T(t) is a Co-group, then T*(t) is strongly 
continuous for all t. 
THEOREM 2.2. Suppose X is 8-reflexive with respect to a Co-group T(t). 
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The following are equivalent: 
(i) X has the RNP; 
(ii) X=X8*; 
(iii) X8*/X is separable. 
PROOF. Assume (i). By assumption, X 8 8 ( = X) has the RNP. By Lemma 
2.1 and since T(t) is a group we see that T8 *(t) is strongly continuous, i.e. 
X88 =X8 * and we obtain (ii). The implication (ii) ~ (iii) is trivial, and 
(iii) ~ (i) follows from Theorem 1.7. 
Recall that the Favard class Fav(T(t)) of a Co-semigroup is the set of x E X 
whose orbits t ..... T(t)x are locally Lipschitz continuous for t ~ O. In general we 
have the inclusion D(A)cFav(T(t)) which may be strict. In [9] it is shown that 
under the assumption of G)-reflexivity, 2.2.ii is equivalent to the assertion 
Fav(T(t)) = D(A), even in the semigroup case. 
THEOREM 2.3. Suppose X is G)-reflexive with respect to a Co-group T(t). 
The following are equivalent: 
(i) X * has the RNP; 
(ii) X8 =X*; 
(iii) X*/X8 is separable. 
PROOF. Apply Theorem 1.5 and Lemma 2.1. 
Hence either X* /X8 is nonseparable or else X8 =X*, and which of these 
two alternatives is fulfilled depends solely on a geometrical property of the 
underlying Banach space! A similar remark applies to 2.2. 
Theorems 2.2 and 2.3 fail for G)-reflexive semigroups: take James's space J 
[5] and let {Xn}:=l be its unit vector basis. Then T(t)xn= e-ntxn is G)-reflexive 
on J and does not extend to a group. Moreover J8 =J*, see [8]. Hence 
J8*/J=J**/Jc::(; 
and 
(J*)*/(J*)8 =J**/ J88 =J**/ Jc::c, 
We close with an open problem. Suppose T(t) is a Co-semigroup on X with 
X*/X8 separable, does it follow that T*(t) is strongly continuous for t>O? 
In particular, if T(t) is a Co-group with X*/X8 separable, does it follow that 
X8 =X*? By Theorem 1.6 the answer to these questions is affirmative in case 
X 8 8/ X is separable. 
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